There is a new class of two-dimensional magnetic materials polymeric iron (III) acetate fabricated recently in which Fe ions form a star lattice. We study the thermodynamics of Ising spins on the star lattice with exact analytic method and Monte Carlo simulations. Mapping the star lattice to the honeycomb lattice, we obtain the partition function for the system with asymmetric interactions. The free energy, internal energy, specific heat, entropy and susceptibility are presented, which can be used to determine the sign of the interactions in the real materials. Moreover, we find the rich phase diagrams of the system as a function of interactions, temperature and external magnetic field. For frustrated interactions without external field, the ground state is disordered (spin liquid) with residual entropy 1.522 . . . per unit cell. When a weak field is applied, the system enters a ferrimagnetic phase with residual entropy ln4 per unit cell.
I. INTRODUCTION
Spin systems with geometrical frustration have both fundamental and practical importance. Theoretically, lots of interesting phenomena have been found in the geometrically frustrated systems, like the antiferromagnetic triangular lattice, kagome lattice. The systems can remain disordered even at absolute zero temperature because of the competitive magnetic interactions. For example, an antiferromagnetic triangular lattice has a residual entropy s 0 = 0.3281 . . . per unit cell 1 . The frustration effect has important application in achieving a lower temperatures through the adiabatic demagnetization compared with other methods. When the temperature, external magnetic field, and other factors are considered, the geometrically frustrated systems can show very rich phase diagrams.
2 A typical case is that the magnetocaloric effect can be enhanced near the phase transition points when a finite external field is applied. [3] [4] [5] Of considerable interest has been searching for geometrically frustrated systems. Some new frustrated materials have been fabricated and studied recently, such as Ho 2 T i 2 O 7 , Dy 2 T i 2 O 7 , and Cu 9 X 2 (cpa) 6 ·xH 2 O(X = F, Cl, Br).
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In 2007, a new class of geometrically frustrated magnetic materials polymeric iron (III) acetate 13 was fabricated, in which Fe ions form a two-dimensional lattice referred as star lattice. Experiment has found that the materials exhibit spin frustration and have two kinds of magnetic interactions: intratrimer J T and intertrimer J D shown in Fig. 1 . The Fe ion has a large spin, which is S = 5/2. The system may have the paramagnetic ground state because of the geometrical and quantum fluctuations.
The Ising model on the star lattice with uniform ferromagnetic couplings has been solved. 14 The critical temperature K c = 0.81201 was given with K c = β c J. The Bose-Hubbard model on the star lattice has also been studied using the quantum Monte Carlo method. 15 Recently, the edge states and topological orders were found in the spin liquid phases of star lattice. 16 Even though the S = 1/2 quantum Heisenberg model is considered to be appropriate to help studying the new material because of its quantum fluctuations in the ground state,
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the Ising model on the star lattice is still very important especially for the non-uniform case. In real materials, the Fe ion has S = 5/2 which is close to the classical limit and the magnetic system shows two types of interactions. 13 Therefore, it is important to study Ising spins on the star lattice with the asymmetric interactions, especially for the frustrated case.
In this paper, we aim at the thermodynamics of Ising spins on the star lattice with asymmetric interactions using the exact analytic methods and Monte Carlo simulations. We present the phase diagram as a function of interactions, temperature and external magnetic field. There is a clear difference between the J D > 0 case and the J D < 0 case. Our study provides useful information for determining the sign of J D . This paper is organized as follows. The model is described in Sec. II. In Sec. III, we map the star lattice to honeycomb lattice and get the exact results. Sec. IV presents the phase diagrams as functions of interactions and external magnetic field. In Sec. V, the Monte Carlo results for the heat capacity and susceptibility are given. Finally, in Sec. VI we summarize the results.
II. MODEL
The structure of star lattice and its unit cell are illustrated in Fig. 1 . We study Ising spins on the star lattice with two kinds of nearest-neighbor interactions, the intratrimer coupling J T and intertrimer coupling J D . The Hamiltonian is
where < ij > runs over all the nearest neighbor spin pairs, J T is the intra-triangular interaction and J D is the inter-triangular interaction, h is the external magnetic 
III. EXACT SOLUTION IN ZERO FIELD
In this section, we study the exact analytic results of Ising model on the star lattice in zero magnetic field (h = 0). Using a sequence of ∆ − Y transformation and series reductions 10 , we can transform the Ising model on the star lattice into one on the honeycomb lattice whose partition function has been exactly solved using the Pfaffian method 18, 19 . Besides the exact analytical results, we expand the partition function in series for some special cases.
A. Effective coupling on the equivalent honeycomb lattice
The results of ∆ − Y transformation and series reduction are given in Ref. 10 . Using the variables t i = tanhβJ i and x i = e −2βJi , the relations among the ex- 
We write t h in terms of t T and t D directly
For convenience, we can rewrite it in terms of x i
B. Phase boundary
It is known that the critical temperature of the honeycomb lattice Ising model is given by x c h = 2 − √ 3.
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Having mapped star lattice to honeycomb lattice, we can substitute this into the equivalent coupling in Eq. (6). Thus, an implicit equation for the critical temperature It illustrates that when JD > 0, the phase is ordered. The ordered phase is ferromagnetic. On the contrary, when JD < 0 the phase is immediately disordered (paramagnetic). When JT = −1, the phase diagram is below T -axis (not shown in the figure), which implies that there is no phase transition in this phase.
1 βc of star lattice Ising model can be obtained as,
This result is plotted in Fig. 3 . When J D is ferromagnetic (J D > 0) and strong enough, the critical temperature saturates at a finite value, i.e. Furthermore, when x D = x T = x, Eq.( 6) reduces to the result of star lattice with equivalent couplings.
14 We get x c = 0.19710, or equivalently, K c = 0.81201.
Since all the factors obtained here are analytical, the singularity in the partition function remains when we transform the star lattice into the honeycomb lattice. The phase transition is the same as the honeycomb lattice where a continuous second-order transition happens.
If J D is antiferromagnetic (J D < 0), we get the negative critical temperature, which implies no phase transition existing in this case. It can be used as a criterion for experimentalists to determine if the couplings in a real material is ferromagnetic or antiferromagnetic. If one finds a phase transition in the real material, we can conclude that the couplings J D and J T should be both ferromagnetic. In there is no long range order found, it means that at least one kind of nearest neighbor couplings is antiferromagnetic in the material.
C. Partition function
Since we have utilized the ∆ − Y transformation and series reductions to map the star lattice to a honeycomb lattice, the partition function per unit cell, z s , of the star lattice Ising model is equivalent to that of the honeycomb lattice z H multiplied by some coefficients which result from the transformation. These coefficients are as follows,
Therefore, the total partition function of the star lattice is
where z H is calculated using the Pfaffian method. 19 We rewrite it here,
where Ω(w) = 2π 0 dp 2π
and
We can rewrite Ω(w) and get a more accurate numerical evaluation according to the singularities of the integrand.
0 dp ln cos p + arccosh w − cos 2p 2 cos p
The partition function of the star lattice Ising model is therefore
The total partition function is given by Z s = z N s , where N is the spin number of unit cell. Since the partition function is obtained, the internal energy, specific heat, entropy and free energy can be calculated from it.
D. Energy
Taking derivation of the partition function, the energy per unit cell of the star lattice Ising model can be obtained.
where dΩ dw is expressed in terms of the complete elliptic integral of the first kind, K,
The plots of energy in units of |J D |, However, it arises again when R ≥ 6 In the unfrustrated case, the sharp peak vanishes which implies no phase transition, consistent with the conclusion drawn from the phase diagram.
F. Zero-temperature limit: residual entropy
The plots of entropy are shown in Figs. 4 and 5. Nonetheless, we can expand the partition function in series to gain more information about the residual entropy in the low temperature limit.
In the case of J D > 0, the partition function can be expanded as
The residual entropy is therefore 0 when T → 0. However, when J D < 0, the model becomes frustrated. In this way, when T → 0, β → ∞, which means x D , x T → ∞, w → ∞. Therefore, lnΩ(w) becomes ∼ ln(w). Expanding ln(z), we get
These results contribute to the residual entropy by
Thus, the frustration of the system leads to a 1 2 ln21 ≈ 1.522 residual entropy per unit cell when T → 0. One can confirm that, this value is consistent with the entropy at T = 0 in Fig. 5 . The residual entropy per site is approximately 0.254, smaller than the triangle lattice, TKL, and kagome lattice 1, 10, 22 . Therefore, the star lattice is less frustrated compared to them.
IV. PHASE DIAGRAMS AT ZERO TEMPERATURE
In this section, we present the phase diagrams at zero temperature along with some thermodynamic properties such as energy, magnetization and entropy. By calculating the ground state energy of the star lattice, we derive the full phase diagram for the system. Since the phase diagram at zero field is already shown in Fig. 3 , we focus on the none-zero field case in this section. The corresponding results are summarized in Figs. 10 and 11 according to the sign of J T .
A. Zero Field (Phase V and VI)
The phase diagram for zero field as a function of couplings is showed in Fig. 3 . When J D > 0, the phase is ordered and ferromagnetic. When J D < 0, the phase is frustrated with a residual entropy s 0 = 1 2 ln21. When J T = −1, the phase is located in the negative section of T -axis , which reveals that there is no phase transition in this phase. The disordered and ordered phases are labeled by V and VI in Figs. 10 and 11 respectively.
In phase V, the system is fully frustrated. We find 18 degenerate ground states for each unit cell. However, as shown in Eq. (24), the residual entropy is not ln18 but 
D. Phase III
If 0 < h < 2, the system is in a frustrated phase. We find four degenerate ground states in this phase contributing to the residual entropy s = ln4. The other properties are given by u = J D + 2J T − 2h, and m = 2. The spin configurations are shown in Fig. 7 . In this case, the two spins connected by J T become antiparallel since J D is antiferromagnetic. 
G. Phase diagram
According to the discussion above, we now combine all the results together to obtain a full phase diagram. Fig. 10 show the phase diagram when J T is antiferromagnetic and thus J T < 0 and Fig. 11 , on the contrary, shows the case when J T is ferromagnetic. The phase diagram is symmetric under the sign change of h. combinations of parameters, which helps to corroborate our analytic predictions. Meanwhile, they allow us to calculate the magnetization and susceptibility at finite temperature.
We choose system size L = 8, 16, 32, where L is the length of the unit cell for the star lattice, which means that the total number of spins N is N = 6L 2 , as there are six spins in each unit cell. The periodic boundary condition is used for the simulations.
The specific heat c and magnetic susceptibility χ during the MC simulations can be calculated using the fluctuation-dissipation theorem
where H and M are respectively the Monte Carlo averages of the total energy (i.e., the Hamiltonian) and magnetization. Fig. 12 shows the temperature dependence of heat capacity per site at h = 0 for a typical unfrustrated case J D /J T = 5, J T > 0. The MC results are consistent with the exact analytic results.
We also calculate the susceptibility from the MC simulations, which is shown in Fig. 13 . As L increases, the peaks become sharper and sharper, indicating a phase transition.
We also study two different combinations of interactions for the unfrustrated case, which is J T > 0, in Figs. 13 and 14. The temperature dependence of susceptibility is found to be sensitive to the sign of J D . When J D > 0, the susceptibility has a sharp peak at the critical point between the ferromagnetic phase and paramagnetic phase. However, when J D < 0, there is no such peak, which implies no phase transition in this for JD = 5JT = −1. There is no apparent peak found, which means there is no continuous phase transition for JT < 0. The exact solution in Fig. 3 gives the same result in this case.
case, just as what we get in exact solutions. The shape of the susceptibility peak depends on the size of the system when J D > 0, whereas for J D < 0, the size of the system has no influence on the susceptibility.
VI. CONCLUSIONS
In summary, we have studied the Ising model on the star lattice with two different exchange couplings J T and J D using both analytical method and Monte Carlo sim-ulations. We have presented its thermodynamic properties including internal energy, free energy, specific heat, entropy and susceptibility in the zero field. The phase transition temperature for J T = J D is exactly same as the one found in Ref.
14 . There is no phase transition found if one of the couplings is antiferromagnetic. Moreover, we have obtained the rich phase diagrams in terms of J T , J D and h at zero temperature. Monte Carlo simulation is used to confirm the exact results and calculate the susceptibility.
In the fully frustrated case, the residual entropy of the system can be expressed as a closed form (s 0 = 1 2 ln21 as showed in Eq. (24) which is consistent with the triangular and Kagome lattices. The system is less frustrated compared to the other triangulated lattices.
Our study provides a benchmark calculation for the thermodynamics of Ising spins on the star lattice, which can help experimentalists to investigate the real materials.
